By using a specific functional property, some more results on a functional generalization of the Cauchy-Schwarz inequality, such as an extension of the pre-Grüss inequality and a refinement of the Cauchy-Schwarz inequality via the generalized Wagner inequality, are given for both discrete and continuous cases.
Introduction
It is well known that the discrete version of the Cauchy-Schwarz inequality [] 
Thus, inequalities () and () are respectively generalizations of the discrete and continuous
The aim of this paper is to extend the results of the above-mentioned theorem by using a specific functional property.
On the generalized Cauchy-Schwarz inequality
Suppose that L is a linear functional applied to the arbitrary function h(x), and then consider the following special function:
One of the important properties of H(x; h, λ) is that
This means that only for once one can take an arbitrary linear functional on both sides of the function () and not more because
More generally, the property () can be considered for two special functions:
as 
Proof The proof is straightforward if one defines a positive quadratic polynomial P : R → R as
for any t ∈ R, and then notes that the discriminant of P must be negative.
It is now well known that the linear functional applied in the inequality () is
where p, q ∈ R, then we obtain
and
Hence, substituting these relations in the inequality () eventually yields Similarly, for the continuous case, the corresponding linear functional applied in () is
in which p, q ∈ R and {f j (x)} m j= and {g j (x)} k j= are real functions on [α, β], then by using the inequality (), one finally obtains
The equality holds in () if p = q and h ,m (f  , f  , . . . , f m ) = R * h ,k (g  , g  , . . . , g k ) for the constant R * .
In this section we study two special cases of inequalities () and () which are remarkable.
Example  (An extension of the pre-Grüss inequality) Before deriving the main result, let us recall some initial comments. 
On the space L  [a, b], the inner product of Chebyshev type is defined by
while the standard inner product is in the form
For two absolutely continuous functions
Chebyshev functional is defined by
Later on, Grüss [] in  showed that
where m  , m  , M  and M  are real numbers satisfying the conditions
A remarkable point on the Chebyshev functional is that it can be represented in terms of the relation () as
where
Thus, substituting the above functions into the inequality () generates the well-known pre-Grüss inequality [, p.] as
On the other hand, the inequality () can be extended via the inequality (). For this purpose, if the following generalized Chebyshev functional is defined as
then, firstly, the aforesaid point is also valid for T λ f , g when λ ≤  so that we have
Secondly, substituting m = k =  and h , (x) = h , (x) = x in the inequality () yields
For p = q =  the above inequality gives the same result as the pre-Grüss inequality () while for p = q =  (or p = q = ) the Cauchy-Schwarz inequality is obtained. Also, for p = q and p( -p) = w, the Wagner inequality [] is derived. An interesting case of the inequality () is when T p+q-pq f , g = f , g (i.e., /p+/q = ), which reveals its importance in numerical integration formulas. Moreover, since p, q ∈ R, we can find the optimal parameters for the inequality (). For this purpose, we consider two (positive) functions as follows:
The problem is now how to minimize F  (p) or F  (q). Since the final forms of both functions () and () are quadratic, i.e., as
to minimize, e.g., F  (p), after some computations, we finally get
where q ∈ R. In particular, replacing q =  in () gives the same as the pre-Grüss inequality. 
This inequality is generalized in [, Re. ] as follows:
Clearly, for p = q ∈ {R -(, )} and p(p -)/n = α in (), the inequality () is derived. Moreover, () is also a special case of the inequality (). Now, in order to obtain a refinement for the Cauchy-Schwarz inequality, we first assume in () that pq = p + q. This yields q(q -) = p(p -)/(p -)  , and therefore we wish to have
which is equivalent to
After some initial computations, the left-hand side of the above inequality is decomposable in terms of the variable p in the form 
